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Motivations

Tidal interactions
Love numbers (adiabatic approximation)
Adiabatic approx not enough
[Maselli, Gualtieri, Pannarale, Ferrari, PRD 86 (2012) 044032]

Binary Neutron stars
Account for mode resonance
e.g. shattering of NS crust
[Tsang, Read, Hinderer, Piro, Bondarescu, PRL 108 (2012) 011102]

'Simple', perturbative approaches to complex star system
Relativistic self-gravitating multipole definition



  

Global Idea

- Approximate a compact object 
by a point with multipolar d.o.f. in a generic way

- Involves proper definition of relativistic multipoles,
including its self-gravity.



  

Relativistic Compact objects

Relativistic fluid dynamics, 
Space-time evolution,

Many degrees of freedom, 

Hardcore numerics



  

Relativistic Effective Action
Point particule with 
multipoles

NB : Newtonian limit

Generic model for 
quadrupole (linear approx)

Einstein Hilbet action

Formal solution for 
quadrupole (Fourier)

Perturbative tool for accounting for tides in complex system like binaries.
So far, adiabatic approximation : Q = Const. E,. i.e. Quadrupole aligned with sourcing 
field



  

Strategy

- Effective Field Theory Approach for tidal interactions in GR

- Newtonian case entirely analytic, 
Effective Field Theory formulation is 'easy'

- Intuition for the Relativistic case.

[Goldberger, Walter D. et al. Phys.Rev. D73 (2006) 104029]

http://inspirehep.net/author/Goldberger%2C%20Walter%20D.?recid=659452&ln=en


  

Newtonian compact object

Static spherically symmetric NS
- EOS ~ ρ(P)
- Hydrostatic Equilibrium + Poisson equation

Lagrangian from variational fluid dynamics (final form 
in c.o.m.): 

φ : velocity potential,  E: internal energy, Φ : Newton potential,  M: 
fluid mass, ρ : densiry.
(Homentropic potential flow),
Includes an external point mass.

E.g. Press, Teukolsky, ApJ 213 (1977) 183; Rathore, Broderick, Blandford, MNRAS 339 (2003) 25



  

Perturbation lagrangian
Physical displacement
x/x' : unperturbed/perturbed fluid location
Velocity perturbation :
Density perturbation
Pressure perturbation

Lagrangian for perturbations

Note



  

Normal Modes
Integrate out gravitational field perturbat7ion
→ Displacement admits normal modes representation 
associated to some Hermitian operator D :

Provides an orthonormal basis :



  

Amplitude formulation

Inserting in Lagrangian → Dynamics for A

Amplitudes are forced 
harmonic oscillators



  

Effective action formulation

Cartesian mass multipole

Together with Taylor series
 of the external potential

Leads to 
(Laplace equation inside the star 
used)
Hat : Symmetric Tracefree, 
n = (x,y,z), Kl : multi-index.
Interaction lagrangian becomes
(interaction with an external 
perturbing object)

Let us focus on Lint

Overlap integral

S. Chakrabarti, T. D., J. Steinhoff, arXiv:1306.5820



  

Effective action formulation

Finally, effective lagrangian

is the sum of a point particle with point multipoles with a normal mode and 
gravity model.

Up to here, Φext ~ (Operator) ρ ext → Legendre 
transform so that Φext is a variable

where



  

Newtonian Effective Action
Matches the Newtonian limit of the relativistic action, provides 
the model for the quadrupole.

Actually, quadrupole model not needed → Matching procedure :

Perturbed gravitational field around compact object 
with internal structure

=
Gravitational field of a point multipole treated 

in the same perturbative scheme

Fixes the response function F(w)

How ?



  

The matching

EFT :

Full theory

Multipole model

Matching 

Easy because all 
analytics ? 



  

Multipolar Response Function

Assume we don't know the multipole model. 

Perturbation of a single compact object

Separation of variables

ODE + BC system



  

Multipolar Response Function
Numerical exterior solution,
al : ratio reg/irreg

Solution predicted by EFT

Response function

Check w.r.t. analytics gives excellent fit

→ 'easy' method to compute 
overlap integral and modes

(excellent fit with sum of poles)



  

Relativistic tides
Principle is exactly the same, perturbation equation more complicated,
Regge-Wheeler equation with effective delta source

Solution in terms of Series of Hypergeometric functions, identify 
'regular/irregular' parts.

Divergences appear
- from the quadrupole source, 
- from the homogeneous solution

→ Renormalization scheme (Riesz Kernel + analytic continuation)

Final result is similar to Newtonian case (with all the many additional 
difficulties) → Relativistic overlap integrals !!

S. Chakrabarti, T. D., J. Steinhoff, arXiv:1304.2228



  

Conclusion and Outlook
- Newtonian case analytic → Good intuition for relativistic case
- Provides an intrinsic quadrupole model, clarifies the issues of multipoles of 
compact objects in GR
- Quadrupoles are composite degrees of freedom, amplitude formulation in GR ?
- Generalizes the Love Numbers to time dependent tides
- Accounts for resonances of modes of the compact object

- Application for binaries (misses spin d.o.f.)
- Application for scattering

- Gravitational wave production ?
- Rotating Case → Teukolski formalism ? 
- Application to black holes, fundamental d.o.f. ? 
- Love number of Kerr ?

- Inclusion of matter field → scalar field ? Fermion field ?
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